Abstract. Some lemmas of S. Helgason and R. Gangolli, originally conceived for proving an analogue of the Paley-Wiener theorem for symmetric spaces, are used to give a quick proof of Harish-Chandra's inversion formula and Plancherel theorem for bi-invariant functions on a semisimple Lie group. The method is elementary in that it does not require introduction of Harish-Chandra's "Schwartz space."
1. Introduction. Among the most beautiful results in harmonic analysis on noncommutative groups are Harish-Chandra's inversion formula and Plancherel theorem for spherical functions on a semisimple Lie group. Unfortunately, however, the original proof of these results requires all of [5] plus some further analysis concerning the "Abel transform" and the "c-function," and so is almost inaccessible to the nonexpert. The purpose of this note is to point out how one can shorten the proof of the Plancherel theorem appreciably by using lemmas from [6] and [1] to bypass the difficult analysis in [5] , using the main idea of a classical proof of the Plancherel theorem for the real line. The reader of this paper is assumed to be familiar with the results of [4] (also available in [2] , [8] , and [9, Chapter 9] ) and [3] , but not with [5] . We also require the main lemmas of [6] and [1] (see [7, pp. 37-39 ] for a simplication), which will be restated below when we need them. This paper arose from an attempt to give an elementary exposition of Harish-Chandra's work on spherical functions at a seminar at the University of California, Berkeley, in the spring of 1976. The author would like to thank Jeff Fox for organizing the seminar and getting him interested in the subject, and also Sigurdur Helgason for suggesting some improvements in the original manuscript.
2. Preliminaries and notation. We use the following notation. G is a connected semisimple Lie group with finite center, with Iwasawa decomposition KAN, and with identity element e. We denote by a the Lie algebra of A and by a* its real dual. We will be working with %iK \ G/'K) and with tf)iK \ G/K), the spaces of continuous (resp. C°°) Ä'-bi-invariant functions on G with compact support, equipped with the usual inductive limit topologies. (Such functions are determined by their restrictions to A.) For convenience, we sometimes identify functions on A with functions on a by means of the exponential map, so that the dual of ^(/l \ G/K) may be identified with the space of IF-invariant Schwartz distributions on a, where W is the Weyl group. We denote by tpA the elementary spherical function on G corresponding to À G q*, by c the c-function on a* which is computed in [3] , and by w the order of W. The Schwartz spaces of rapidly decreasing functions on the vector spaces a and a* are denoted by § (a) and § (a*). Then we have the Euclidean Fourier transform": S(a)->S(a*), and we say Lebesgue measures on a and a* are regularly normalized if this extends to an isometry L2(ct) -> L\a*) (i.e., if the Fourier inversion formula holds without a multiplicative constant). Let 2+ be the set of positive restricted roots for (G, A), let ma denote the multiplicity of a root a, and let p = 2ae2+waa/2. We (c) Now we show that F is a measure, which in view of (b) implies that there exists a constant C such that Tfi -Cf(e) for all / G 6D(A3 \ G/K). harish-chandra's plancherel theorem 147
(e) The last step is to show C = w. This is the analogue of the last step in the proof of the Plancherel formula for the line, where one computes with a specific function (usually a Gaussian) to find the correct normalization of Haar measures.
We begin by fixing some M > 0 and some nonzero / G ^(K \ G/K) whose restriction to a + has support in a + (M) = {H Ea+\a(H) > M for all a G2+}.
Then for e > 0, we can form a new function/ G ty(K \ G/K) with fi(H)Ax/2(H) = eid,mA)/2f(eH)Ax/2(eH) for H E a +. Substituting this estimate for a sufficiently large A as well as Gangolli's estimate for the a^-sX) [I, formula 3.27] into (**), we immediately obtain (*)• 4. A remark. The expert will note that we have not used Harish-Chandra's "Schwartz space of rapidly decreasing bi-invariant functions," 1(G), which occupies a key role in [5] . The reason is that we have tried to make our treatment of the Plancherel theorem as elementary and as self-contained as possible. However, the proof given here also yields the inversion formula for functions in 1(G), once one knows (see [9, 8.5 .3 and 9.2.2.3]) that Ff ° exp G S(a) and that/~= (Ff ° expf for f E 1(G). (One merely views T as a tempered distribution in step (a).) But the analysis given here is insufficient to prove that the spherical Fourier transform maps 1(G) onto the space of IF-invariant functions in S (a*). To obtain this, one must first argue as in [5] that if %p E S (a*) is W-invariant, then f(x) = [ W)<Px(x)\c(X)\-2 dX defines a function in 1(G) which depends continuously on \p. Then the fact that \f/ = /"follows by continuity from the Paley-Wiener theorem since ^(a)' is dense in S (a*).
